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ABSTRACT
We investigate the evolution of triple, non-hierarchical, black hole (BH) systems mak-
ing use of 2.9 × 104 3-body simulations. Varying the mutual orbital inclination, the
three BH masses and the inner and outer eccentricities, we show that retrograde,
nearly planar configurations lead to a significant shrinkage of the inner binary. We
find an universal trend of triple systems, that they tend to evolve toward prograde
configurations, Moreover, we demonstrate that the orbital flip, driven by the torque
exerted on the inner BH binary (BHB) by the outer BH, leads in general to tighter
inner orbits. In some cases, the resulting BHB undergoes coalescence within a Hubble
time, releasing gravitational waves (GWs). Frequently, the inner BHB merger occurs
after a component swap between one of its components and the outer BH. The mass
spectrum of the BHBs that underwent the component exchange differs significantly
from the case in which the BHB merge without any swap. A large fraction of merg-
ing BHBs with initial separation 1 AU enter the 10−3− 10−1 Hz frequency band with
large eccentricities, thus representing potential LISA sources. Mergers originating from
initially tighter BHB (a ∼ 0.01 AU), instead, have a large probability to have eccen-
tricities above 0.7 in the 1 Hz band. We find that the mergers’ mass distribution in
this astrophysical channel maps the original BH binary spectrum. This might have
interesting consequences in light of the growing population of BH mergers detected
by LIGO.
Key words:
1 INTRODUCTION
The recent detection of gravitational waves (GWs) produced
by the coalescence of two stellar mass black holes (BHs)
(Abbott et al. 2016,a,b, 2017a,b; The LIGO Scientific Col-
laboration & the Virgo Collaboration 2018) opened a series
of questions about the processes driving these cosmic catas-
trophic phenomena. One of the possible formation channels
for merging BHBs is through dynamical interactions taking
place in the heart of dense stellar systems. Indeed, encoun-
ters between a binary and single stars can lead to the shrink-
ing of the binary separation in crowded stellar environments
until the binary reaches a separation where it is driven to
merge by GW emission. The dynamical channel provides
a merger rate compatible with the value inferred from the
recent LIGO/VIRGO observations (Rodriguez et al. 2015,
2016; Askar et al. 2017; Fragione & Kocsis 2018). This sug-
gests that the observed merging BHBs formed in globu-
? E-mail: m.arcasedda@gmail.com
lar clusters (Portegies Zwart & McMillan 2000; Wen 2003;
Downing et al. 2010), young massive clusters (Mapelli 2016;
Banerjee 2016, 2017) or nuclear clusters (O’Leary et al. 2009;
Antonini & Rasio 2016; Bartos et al. 2016; Arca-Sedda &
Capuzzo-Dolcetta 2019; Hoang et al. 2018). Alternatively,
isolated binary evolution also provides an explanation for
the observed BHB merger rate (Belczynski et al. 2016, 2017).
These two scenarios possibly leave different signatures in the
properties of observed mergers (Gerosa & Berti 2017; Arca
Sedda & Benacquista 2019), although assessing a clear crite-
rion to disentangle isolated and dynamically formed mergers
is hard due to the small number of detections.
The simplest way to efficiently shrink a binary system
in a dense stellar environment is through three- and four-
body interactions (Heggie 1975; Hut et al. 1992; Pooley et al.
2003). These interactions have been studied extensively in
the hierarchical limit, which consists of a close binary and
a distant perturber (e.g., Antonini et al. 2017; Hoang et al.
2018; Rodriguez & Antonini 2018; Grishin et al. 2018). In
this regime, the Kozai-Lidov (KL) mechanism (Kozai 1962;
c© 2018 RAS
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Lidov 1962) (for a review, see Naoz 2016) can significantly
enhance the BHB merger rate. In the case of number densi-
ties ∼ 105−106 pc−3, typical of dense clusters, a population
of stable hierarchical BH triples is expected to form over
a Hubble time through binary-binary interactions. Indeed,
this kind of close encounters have a 20−50% chance to leave
behind a hierarchical triple (Sigurdsson & Hernquist 1993;
Kulkarni et al. 1993; Miller & Hamilton 2002).
Furthermore, transient non-hierarchical triples may be
common in dense stellar environments, and may play a ma-
jor role in the formation of eccentric binary mergers (Sam-
sing et al. 2014, 2017; Samsing & Ilan 2018). For instance,
binary-single BH encounters commonly lead to closely sep-
arated triple systems in low velocity dispersion environ-
ments, such as in stellar clusters (Hut & Bahcall 1983a).
In this paper using the MOCCA database of globular clus-
ter Monte Carlo simulations we show that a high percent-
age (∼ 60%) of binary-binary scattering events form non-
hierarchical triples in clusters (see §2). While hierarchical
triple evolution has been widely studied in earlier works,
the evolution of non-hierarchical triple systems is still poorly
investigated. Recently, Li et al. (2018) have found that non-
hierarchical triple interactions in the outer Solar System
can lead to eccentricity excitation and orbital flips of TNOs
when they are perturbed by a near coplanar Planet Nine,
analogous to the hierarchical triple interactions (Li et al.
2014). It is not clear how the non-hierarchical triple interac-
tions could enhance the BHB merger rates. For a first step
in exploring this subject, we focus on the dynamics of non-
hierarchical triples in this article.
Non-hierarchical triple interactions can lead to mergers
of BHBs, which produce GWs and provide valuable informa-
tion on the formation pathway of BH binaries. The presence
of the third object may be discovered directly with the GWs
in some cases (Meiron et al. 2017). Alternatively, the BHB
eccentricity may carry information on the perturber, which
can be measured from the observed GW signal (Gonda´n
et al. 2018b,a; Gonda´n & Kocsis 2018). It was shown that
a BHB perturbed by a farther companion in a hierarchical
configuration leads to GWs in the 10 Hz frequency band
with a moderately high eccentricity, thus being potentially
observable by current ground-based detectors (Wen 2003;
O’Leary et al. 2006; Antonini & Perets 2012; O’Leary et al.
2016; Antonini et al. 2016; Samsing et al. 2018; Gonda´n
et al. 2018b,a; Gonda´n & Kocsis 2018). For a binary simi-
lar to GW150914, high accuracy is expected for eccentricity
measurement with LIGO/VIRGO/KAGRA at design sensi-
tivity, of the order of 0.001–0.01 at 10 Hz (Gonda´n & Kocsis
2018). In the coming years, this will allow one to obtain a
clean view on the eccentricity distribution of merging stel-
lar BHBs, thus providing an unique tool to constrain their
formation history.
In this paper, we focus on the dynamics of non-
hierarchical triple BH systems, and we discuss the eccen-
tricity distribution and corresponding GW signatures from
the BHB mergers. We investigate the role played by the or-
bital inclination, the inner and outer eccentricities and the
triple component’s mass on the merging BHB. We made use
of more than 2× 104 three-body simulations to understand
the role of the initial orbital parameters on the evolution
and fate of the inner binary system. By exploring a wide re-
gion of the parameter space, we show that when the triple is
in a retrograde configuration the tidal perturbation induced
by the outer object typically tends to cause the inner orbit
to flip as well as to increase its eccentricity, which may ulti-
mately result in the merger of the inner binary due to GW
emission.
In this paper we show that non-hierarchical triple sys-
tems exhibit the following general behaviour:
• triple BHs tend to evolve toward prograde configura-
tions;
• the BHB tightens more if the system undergoes an or-
bital flip;
• the BHBs that undergo an orbital swap and then merge
are characterized by a different mass distribution compared
to BHBs for which the initial configuration remains unal-
tered;
• during the phases preceding the merger, BHBs with ini-
tial separations of ∼ 1 AU typically form highly eccentric bi-
naries which emit GWs initially at frequencies 10−3 − 10−1
Hz, possibly being detectable by the future LISA and DE-
CIGO experiments. These BHBs retain a non-zero eccentric-
ity at 1 − 10 Hz frequencies, just below the LIGO-VIRGO
detection band. Such a source population may be distin-
guished from other astrophysical pathways which lead to
circular sources, such as the isolated binary evolution chan-
nel.
The paper is organized as follows: Section 3 intro-
duce the numerical methodology and the terminology used
throughout the paper, Section 4 and 5 focus on the anal-
ysis of the results and its implication for BHBs evolution
in dense stellar systems, while Section 7 is devoted to the
conclusions of this work.
2 ON THE FORMATION OF
NON-HIERARCHICAL TRIPLES VIA
BINARY-BINARY INTERACTIONS IN
GLOBULAR CLUSTERS
Assessing the probability for unstable triples to form is es-
sential to understand whether these systems can commonly
produce tight BHBs.
Close encounters represent the simplest process to form
an unstable triple. Hut & Bahcall (1983b) found in their nu-
merical experiment a class of three-body interactions (either
single-single-single or binary-single), called resonant scatter-
ing, that may lead to the formation of a short-lived triple.
Such bound systems ultimately break up, ejecting one of
the components and leaving behind a binary after 10-100
crossing times (Hut & Bahcall 1983b). Another channel to
form non-hierarchical triples is via binary-binary interac-
tions (Mikkola 1984; McMillan et al. 1991; Miller & Hamil-
ton 2002). Three-body and binary-binary close encounters
may commonly take place in dense stellar environments,
like the inner regions of globular (GCs) or nuclear clusters
(NCs).
The study of these interactions in numerical star cluster
models has been limited by the computational complexity of
modelling million-body systems. Indeed, while a one-to-one
modelling of clusters with 6 104 members has been possible
for decades using N -body simulations, million body simu-
lations became possible for GCs only recently (Sippel et al.
c© 2018 RAS, MNRAS 000, 1–??
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2012; Sippel & Hurley 2013; Contenta et al. 2015; Arca-
Sedda 2016; Wang et al. 2016), and numerical models of
galactic nuclei have also improved significantly (Arca-Sedda
et al. 2018; Panamarev et al. 2018). Monte Carlo models pro-
vide an alternative to direct N -body models, albeit at the
cost of important approximations like spherical symmetry
and zero rotation. The relatively short computational times
led to the development of a large database of MCMC models
which have been used to predict the evolution of black holes
(Morscher et al. 2015; Arca Sedda et al. 2018; Askar et al.
2018; Weatherford et al. 2018) and the possible formation
of BHB mergers (Rodriguez et al. 2015, 2016; Askar et al.
2017). These models allowed to demonstrate that dense GCs
can retain a sizeable fraction of BHs over a Hubble time, up
to 30 − 50% (Morscher et al. 2015). Utilizing the MOCCA
SURVEY DATABASE I, a suite of over 2000 Monte Carlo
models of GCs with different properties modelled over a 12
Gyr time span, Arca Sedda et al. (2018) found that the ob-
servational properties of GCs correlate with the mass and
density of the BHs population inhabiting their innermost
regions. Using these correlations, Askar et al. (2018) showed
that at least ∼ 30 Galactic GCs might be harbouring hun-
dreds of BHs at present day. The dynamics in the inner re-
gions of these GCs is almost completely dominated by BHs,
thus suggesting that single-binary and binary-binary inter-
actions may occur frequently in these systems.
By analysing MOCCA models containing a BH subsys-
tem, we count the total number of BHB-BHB interactions
occurring over the GC lifetime. A typical GC witnesses, on
average, 900 interactions in 12 Gyr (Askar, private commu-
nication). Using the MOCCA data, we find that the number
of BHB-BHB interactions in 12 Gyr correlates with the final
GC central density via a simple power-law
logN4BH = (0.22± 0.03) log ρ12
Mpc−3
+ (1.8± 0.1). (1)
Figure 1 shows such a correlation for the MOCCA mod-
els containing a BH subsystem (Arca Sedda et al. 2018;
Askar et al. 2018), it appears evident that the larger the
number of BHB-BHB interactions the heavier the subsys-
tem mass. According to our analysis, a typical GC or NC,
with densities above ρ12 ∼ 106 M pc−3, can host up to
N4BH ' (1− 5)× 103 BHB-BHB interactions over their life-
time. Hence, a typical Milky Way like galaxy, hosting at
least ∼ 200 GCs, could have had 105 BHB-BHB interac-
tions. A merger events emerging from such interactions in
only 1% of the cases would imply ∼ 104 mergers per Hubble
time per Milky-Way galaxy. As we will show in the following
sections, we find that during BHB-BHB interactions, up to
5% of BHs merge within a few Myr, while in all the other
cases the evolution leads to either the formation of a triple
or the disruption of the system.
The MOCCA data analysis presented above outlines the
importance of BHB-BHB interactions for the GCs dynam-
ical evolution, and particularly for BHs dynamics, as also
outlined recently by Zevin et al. (2018). Next we determine
the probability for such interactions to produce an unstable
triple using direct N -body experiments.
In order to estimate how common is it for BHB-BHB
scatterings to have an unstable triple as end state, we exe-
cute 200 simulations of binary-binary scatterings occurring
in a GC with mass 105 M and core radius 1 pc.
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Figure 1. Total number of BHB-BHB interactions as a function
of the host GC central density at 12 Gyr in the MOCCA database.
Colour coding shows the mass of the BH subsystem in the host
globular cluster core.
We assume that the binary components have masses
randomly distributed uniformly between 10 − 50 M, and
draw the semi-major axis from a flat distribution in the loga-
rithm in between 0.01−1 AU (only sufficiently hard binaries
can survive in the cluster centre), draw the argument of pe-
riapsis randomly from a uniform distribution, and draw the
eccentricity from an isotropic thermal distribution. Each bi-
nary is placed at a distance from the cluster centre selected
randomly between 5− 7.5 times the maximum value of the
binaries apocentre, and their initial velocity is assumed to
be a fraction randomly selected between 0 and 1 times the
cluster velocity dispersion σ = 20 km s−1. Given the as-
sumption that the eccentricities are biased toward higher
values (thermal distribution) and the binaries are put close
to the centre, the chance for them to interact is order unity.
The evolution of one typical example for this set is shown
in Figure 2.
The simulations are performed using ARGdf(Arca-Sedda
& Capuzzo-Dolcetta 2019), a modified version of the
ARCHAINcode (Mikkola & Merritt 2008). The code imple-
ments general relativity effect via post-Newtonian formalism
up to 2.5 order and treats strong gravitational encounters
taking advantage of the algorithmic regularization scheme
(Mikkola & Tanikawa 1999). Our modified version allows
the user to include, in the particle equations of motion, a
dynamical friction term, modelled according to a modifica-
tion of the classical Chandrasekhar (1943) treatment (Arca-
Sedda & Capuzzo-Dolcetta 2019), and the acceleration due
to the external field of the background system hosting the
particles. For our purposes, these two terms are neglected, as
we focus on the evolution of triple systems on length scales
much smaller than the typical size of star clusters.
We find that 82.5% of the cases lead to the formation of
a triple. In particular, the end-state is a hierarchical triple
in 28.5% of the models, while in the remaining 54% models
the triple is unstable. Interestingly, in 62% of the models,
the final state contains at least one BHB, which is harder
than both of the initial BHBs. In 5% of the models, two BHs
merge after the first BHB-BHB interaction, roughly over the
fly-by time. These results suggest that unstable triples are
quite common outcomes of BHB-BHB interactions. Hence,
c© 2018 RAS, MNRAS 000, 1–??
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Table 1. Main properties of 4-body models
M1,2,3,4 aBHB1,2 eBHB R E Mc Rc σ
M AU aBHBmax M pc km s−1
10-50 0.01-1 thermal 5-7.5 thermal 105 1 20
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Figure 2. Binary-binary interaction in one of the cases inves-
tigated. After the close encounter, one BH is ejected and the
remaining form an unstable triple.
characterizing their evolution is important to understand
the properties of merging BHBs in such triples.
3 DYNAMICS OF BOUND TRIPLES: AN
INTERESTING REFERENCE CASE
The behaviour of an unstable bound triple cannot be treated
described with a secular approximation formalism, as the
triple lifetime is usually comparable to a few orbital periods
of the outer binary 2. We look for the distinct features in the
evolution of these systems using direct 3-body simulations.
First, let us assume the case of a BHB, comprised of BHs
with masses M1 = 20 M and M2 = 10 M, characterised
by an initial eccentricity e = 0 and semi-major axis a =
20 AU. The BHB is orbited by a third BH, with mass M3 =
M1, initially placed at an apocentral distance R3 = 200 AU
from the inner binary centre of mass, with eccentricity e3 =
0.7. In the following, we will refer to the BHB as the inner
binary and to the system composed by the outer BH and
the inner BHB centre of mass as the outer binary.
For clarity, we summarize in the following the nomen-
clature used to identify the orbital parameters of the inner
and outer orbits:
• a, semi-major axis;
• e, eccentricity;
• R = a(1 + e), binary apocentre;
• rp = a(1− e), pericentre;
• ω, argument of pericentre;
• Ω, longitude of the ascending node;
• $ = ω + Ω, longitude of pericentre;
• tGW, GW timescale;
• i, orbital inclination.
The subscript 3 is used to label the quantities related to the
outer binary, while the subscript f denotes final quantities.
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Figure 3. The trajectory of three BHs as a function of time
for an initially non-hierarchical triple in the co-rotating case (top
panel) and counter-rotating (bottom panel) (see text). The time
indicated in the figure marks the moment at which the triple
breaks up.
The inclination is the angle between the angular momentum
vectors of the inner and outer binaries.
Figure 3 shows how the two systems evolve in time. In
the case of an initial prograde configuration (top panel in
Figure 3), the triple breaks immediately after the first pas-
sage at pericentre (∼ 100 yr), the outer BH swaps with the
lighter component of the initial inner BHB. After ejection,
the new BHB is composed of two equal mass BHB with
eccentricity e ' 0.15 and semi-major axis a = 24.3 AU.
In the case of an initially retrograde configuration, in-
stead, the overall picture is much more complex. The inner
and outer binary orbits undergo mutual precession for 21
orbital periods of the outer binary. During this phase, the
eccentricities and semi-major axes develop several oscilla-
tions, shown in Figure 4, that culminate after ∼ 6× 103 yr
in a series of strong and repeated scatterings. During this
phase, which lasts for & 600 yr, the inner binary changes
its components frequently until the triple breaks up. The
resulting binary is now composed of two equal mass objects
c© 2018 RAS, MNRAS 000, 1–??
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Figure 4. From top to bottom: the semi-major axis and eccen-
tricity of the inner (red solid line) and outer binary (black dotted
line) for the triple shown in the bottom panel of Figure 3. The
system shows a bound triple in the first ∼4000 yr, then one object
marked with light blue is ejected on a weakly bound eccentric or-
bit, and ultimately it is ejected completely ejected on an unbound
trajectory.
with mass 20 M, a separation slightly larger than its ini-
tial value, a = 25 AU, and a high eccentricity e = 0.999275.
The corresponding coalescence time-scale for such a system
is tGW ' 1.68 Gyr, thus suggesting that counter-rotation
can facilitate coalescence in non-hierarchical triples.
The overall evolution of the initially counter-rotating
triple, sketched in Figure 4, can be divided in four main
stages. In stage I, the inner and outer binary orbits undergo
precession, the outer semi-major axis a3 decreases while a
increases. Moreover, the outer binary decreases its average
eccentricity, while the inner binary eccentricity increases up
to 0.6. At some point (stage II) the three objects come close
enough that the triple loses any kind of hierarchy. A short
phase of scatterings drive the formation of a binary com-
posed of the outer BH and the heavier component of the
inner binary (red and blue lines in Figure 4) while the origi-
nal secondary of the inner binary is pushed toward a wider,
nearly parabolic but bound orbit. At the next close approach
of the third object leads to a new series of strong interac-
tions (stage III), which results in the ultimate disruption of
the triple. This complex series of interactions leaves behind
a highly eccentric binary composed of the two most massive
members of the triple (stage IV).
The evolutionary differences between the initially pro-
grade and retrograde cases could be related to the different
level of stability in the two configurations. A triple system
is stable if the semi-major axis of the inner binary remains
constant secularly, while for unstable systems the chaotic
nature of the system leads to energy transfer between the
components. Mardling & Aarseth (2001) determined a sta-
bility criterion through Newtonian N -body simulations, de-
fined as (see also Antonini et al. (2014))
a3 > Ka, (2)
with
K =
3.3
1− e3
[
2
3
(
1 +
M3
MBHB
)
1 + e3
(1− e3)1/2
]2/5(
1− 0.3 i
pi
)
,
(3)
thus implying, in general, that larger inclinations reduce the
critical value. In our reference model, a3/a ' 5.9, while the
critical value for stability is K = 12.7 for a retrograde con-
figuration and K = 18 for a prograde configuration, thus
a3/a < K in both cases. The triple is initially unstable and
the evolution is chaotic (see Grishin et al. 2017, 2018, for
results in the non-coplanar case).
The simple model presented above shows at a glance
the importance of the triple orbital configuration, which can
lead to enormous differences in the final status of the sys-
tem. Some of these results may be explained by energy and
angular momentum transfer during the repeated close inter-
actions. The initial total energy of the system will be given
by the sum of the binding energies of the inner and outer
binary, namely
E0 =
GM1M2
2a
+
G(M1 +M2)M3
2a3
. (4)
Assuming that the binary breaks up after several interac-
tions, ultimately producing a binary and an unbound star
the final energy budget will be dominated by the binding
energy of the final binary
Ef =
GM1fM2f
2af
. (5)
The difference between the final and initial energy must
equal the kinetic energy of the escaping third object and
the centre of mass of the final binary, which is non-negative
(Ef − E0) > 0. Combining and re-arranging the equations
above, yields a constraint on the final binary hardness
M1fM2f
af
>
[
1 +
(
M3
M1
+
M3
M2
)
a
a3
]
M1M2
a
>
M1M2
a
. (6)
Thus, the disruption of the triple inevitably leads to the
formation of a harder binary, either by shrinking (af < a) or
acquiring a heavier component (M2f > M2) via component
swap. In the example presented above, the final binary mass
is 3/2 larger than its initial value due to the swap of the outer
BH and the secondary component of the inner binary, while
its semi-major axis remains almost constant. Replacing the
quantities obtained from the simulation in Equation (6) it
is trivial to show that the inequality is satisfied in both the
retrograde and prograde cases.
Thus from energy and angular momentum conservation
we find that
• the final binary is harder, i.e. either by becoming tighter
or more massive, than the initial inner binary;
• orbital flips from prograde to retrograde are possible as
the change in the angular momentum of the inner binary
may be balanced by the change of the angular momentum
of the outer binary.
In the next section we present a large set of numerical
simulations of non-hierarchical triples to understand how
the GW merger timescale of the inner binary changes as
c© 2018 RAS, MNRAS 000, 1–??
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a function of initial conditions. The typical time-scale over
which an isolated BHB coalesces due to angular momentum
loss via GW emission is given by (Peters 1964)
tGW =
5
256
c5a4f(e)
G3M1M2(M1 +M2)
, (7)
where
f(e) =
(1− e2)7/2
1 + (73/24)e2 + (37/96)e4
. (8)
In the example presented above, tGW = 8.7 × 1018 yr, thus
much larger than a Hubble time. However, in consequence
of the triple evolution, the GW timescale of the outcoming
BHB reduces in both the configurations, due to the efficient
energy transfer that drives the component swap. In the pro-
grade case the final BHB GW time is still larger than a
Hubble time, but in the retrograde configuration the GW
timescale drops by 9 order of magnitudes, being tGW = 0.95
Gyr. Hence, this process facilitates the formation of merging
binaries.
4 NUMERICAL SIMULATIONS OF
NON-HIERARCHICAL TRIPLES
In an attempt to discern what parameters are most effective
in determining the states emerging from the triple evolu-
tion, we run 29,000 simulations gathered in 10 groups, using
ARGdf(Arca-Sedda & Capuzzo-Dolcetta 2019).
We stop our simulations if one of three conditions is
satisfied: 1) the triple breaks, 2) two components merge, 3)
the integration time exceeds 5 Myr. The latter conditions
allows us to identify stable or meta-stable triples on this
timescale. Indeed, the initial value of the inner binary orbital
period is in between ∼ 1 − 100 yr in all the sets. Hence, if
the triple is stable, our simulations follow the inner binary
for 105−106 orbits. We note that in these cases the accrued
relative energy error remains below a level of 10−9.
The main features and initial values for each set are
summarized in Table 2. Since in the case of co-planar orbits
Ω is ill-defined, in the table we refer to ∆$ as the differ-
ence between the initial inner and outer binary longitude of
pericentre. In non-coplanar cases, this quantity reduces to
∆$ = ω, as we fixed all the other terms initially to 0.
SET1 to SET4 are designed to explore the role played
by the inner binary eccentricity and the outer binary inclina-
tion, while SET5 to SET8 allows us to quantify the depen-
dence on the orbital orientation. Finally, SET9 and SET10
are devoted to investigate the role of the triple components
mass and, more generally, the distribution of the outcome of
the triple evolution if changing all the orbital parameters. In
all the cases but SET 9 and SET10, we set the inner binary
apocentre to R = 20 AU and masses (20M, 10M, 20M)
implying tGW = 10
18 Gyr for a circular binary. In SET 10,
instead, we choose R = 1 au, a value typical of binaries
forming in the densest regions of globular and nuclear star
clusters (Heggie 1975; Miller & Lauburg 2009; Antonini et al.
2016) for which tGW ' 3000 Gyr for e = 0.
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N
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Figure 5. Initial (filled red boxes) and final (blue steps) GW
merger time distribution for all BHBs in SET4 (top panel) and
SET10 (bottom panel) (see Table 2 for parameters). The dotted
vertical line marks tGW = 14 Gyr. A broad tail extending to low
GW timescales are produced with dN/dtGW ∝ t0.32GW for SET4
and t0.29GW for SET10.
4.1 Distribution of GW merger times
Figure 5 shows a comparison between the initial and final
tGW values distribution for all the models in SET4 and in
SET10, in which the initial pericenter is fixed at 20 AU and 1
AU respectively and the initial eccentricity and inclination
are widely distributed, and the masses are either fixed or
allowed to vary in the two cases, respectively (see Table 2).
After the interaction, the GW merger time distribution is
broadly distributed, falling below 14 Gyr in 5 out of the
2000 cases investigated.
The results show that the GW merger time distribution
follows approximately a power-law
dN
d ln tGW
∝ t0.3GW (9)
or equivalently
dN
dtGW
∝ t−0.7GW (10)
for both SET4 and SET10 for GW time-scales less than its
initial value. This outcome is mostly due to the fact that
tGW given by equation (7) is most sensitive to 1−e, approx-
imately as tGW ∝ (1−e)7/2. This implies that (1−e) ∝ t2/7GW,
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Table 2. Main parameters of the numerical models
SET Nmod M3 R3/R e3 M1 M2 e ∆$ i R
M M M ◦ AU
1 1000 20 1− 6 0− 1 20 10 0 0− 2pi 0 20
2 1000 20 2− 7 0− 1 20 10 0 0 0− 10 20
3 1000 20 1− 6 0− 1 20 10 0− 1 0 0− 10 20
4 2000 20 2− 7 0− 1 20 10 0− 1 0 0− 180 20
5 2000 20 2− 7 0− 1 20 10 0.6 0− 2pi 0 20
6 2000 20 2− 7 0− 1 20 10 0.6 0− 2pi 180 20
7 2000 20 2− 7 0− 1 20 10 0− 1 pi 0− 10 20
8 2000 20 2− 7 0− 1 20 10 0− 1 pi 170− 180 20
9 8000 10− 50 2− 7 0− 1 10− 50 10− 50 0− 1 0− 2pi 0− 180 20
10 8000 10− 50 2− 7 0− 1 10− 50 10− 50 0− 1 0− 2pi 0− 180 1
Column 1: Model name. Column 2: Number of runs. Column 3: mass of the outer BHs. Column 4-5: outer binary initial separation,
normalized to the value of the inner binary, and eccentricity. Column 6-7: Masses of the inner binary components. Column 8: inner binary
eccentricity. Column 9: difference between the inner and outer longitude of pericentre. Column 10: mutual inclination between the inner
and outer orbits.
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Figure 6. Semi-major axis (left panel) and eccentricity (right
panel) distribution for the initial inner BHB population (red filled
boxes) and for mergers only (black steps) in SET10.
and so for all other parameters fixed, we get
dN
dtGW
=
dN
d(1− e)
d(1− e)
dtGW
≈ dN
d(1− e) t
−5/7
GW . (11)
Thus, if 1 − e is approximately uniformly distributed after
the encounters, the distribution of GW time-scale follows
t
−5/7
GW , i.e. t
−0.71
GW . A similar argument shows that for fixed e,
dN/dtGW ∝ (dN/da)× t−3/4GW . However, as shown in Figure
6,we find that the final semimajor axis distribution spans
typically only a decade around the initial semimajor axis
distribution and many of the merging binaries have an ec-
centricity very close to 1 following the three body dynamics.
Thus the eccentricity distribution after the three body dy-
namics is crucial for the GW merger time distribution.
4.2 Effects of initial eccentricity, inclination, and
argument of pericenter
In this section we focus on the role of the combined effects
arising from the inner binary eccentricity and the outer bi-
nary inclination. The values allowed for the outer apocentre
R3 are, depending on the simulations set, between 1 and
7 times the initial inner binary separation which typically
represents a non-hierarchical systems. In all cases except for
SET1 and SET 3 we assume R3/R > 2. Note that the inter-
val chosen for the initial values of the inner and outer apoc-
entres and eccentricities implies a ratio between the outer
and inner semi-major axis ranging between a3/a = 0.5, cor-
responding to a configuration with equal inner and outer
apocentre and a nearly radial inner binary, and a3/a = 14,
circular inner binary and nearly radial outer binary with
initial apocentre R3 = 7R. The eccentricity is selected ac-
cording to a thermal distribution (Jeans 1919) both for e3
and e, although in some sets the value of the inner BHB
eccentricity is kept fixed, as outlined in Table 2. We selected
a co-planar, prograde configuration with e = 0 as a refer-
ence model for SET1 simulations. In order to shed light on
the importance of the orbital parameters, we then assumed
0 6 i3 < 10◦ in SET2 and, along with this choice, we vary
also e in SET3.
In SET4 we varied the outer inclination in between
0 6 i3 < 180◦, thus investigating both prograde and ret-
rograde orbits, and e < 1, thus investigating the evolution
of both circular and nearly radial BHBs. This sample of 5000
simulations gathered in 4 groups represents a quick way to
highlight the differences between prograde and retrograde
tight triple systems. These differences are further investi-
gated In SET5 and SET6 we examine exactly co-planar or-
bits in a co-rotating and counter-rotating configuration, re-
spectively, with fixed inner binary eccentricity at e = 0.6
and random ∆$. SET7 and SET8 are nearly coplanar con-
figurations where the eccentricity is drawn with 0 6 i < 10◦
and 170◦ 6 i < 180◦, respectively and unlike in SET3 we
set ∆$ = pi.
The top panel in Figure 7 shows the ratio between the
initial and final value of the inner binary pericentre, rpf/rp,
plotted against the ratio of the outer binary to the inner bi-
nary apocenter initially, denoted by R3/R. The figure clearly
shows that R3 . 5R is necessary for a significant decrease of
the pericenter distance and the GWs time-scale for a nearly
coplanar triple.
On the other hand, allowing both i and e0 to vary
(SET3 and SET4) makes the distribution of ef and af much
broader for all R3. Indeed, in this case the third object can
lead to a significant reduction of the inner binary pericentre
and tGW even if it initially moves far from the inner binary.
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Figure 7. Ratio between the initial and final value of the inner
binary pericentre with respect to the outer binary initial separa-
tion, normalized to the inner BHB initial semi-major axis, a = 20
AU. From left to right and from top to bottom panels refers to
SET1 (e = 0, ∆$ = 0 − 2pi, i = 0◦), SET2 (e = 0, ∆$ = 0,
i = 0− 10◦), SET3 (e = 0− 1, ∆$ = 0, i = 0− 10◦) and SET4
(e = 0− 1, ∆$ = 0, i = 0− 180◦), respectively, see Table 2. The
colours represent the ratio between the final and initial value of
the GW time-scale for the inner binary. Bottom panels: same as
in top 4 panels, but here we represented the inner binary final
eccentricity vs. the semi-major axis ratio.
The bottom 4 panels of Figure 7 shows the inner bi-
naries’ final eccentricity and the factor by which the semi-
major axis changes. In SET1 and SET2 the semimajor axis is
typically conserved to within a factor of 2 but the eccentric-
ity is broadly distributed up to almost unity, also showing
a correlation with af/a. SET3 shows that when the inner
binary initial eccentricity is allowed to vary then its semi-
major axis can shrink by a larger factor and there is a larger
fraction of highly eccentric sources. There is no prominent
clustering/correlation in the case of SET4. We conclude that
all orbital elements play a crucial role in determining the
outcome of the triple evolution. Next we discuss the effect
of the outer and inner eccentricity for nearly coplanar, pro-
grade systems (SET 1, 2 and 3) in more detail, and discuss
the outer binary inclination to the next section.
4.3 Stability, hierarchy and post-Newtonian
effects
Here for comparison, we discuss the stability and evolution-
ary pathways for the case of a hierarchical triple. According
to Mardling & Aarseth (2001), a triple is stable if the ratio
between the outer pericentre and the inner semi-major axis
is larger than a given threshold, as also shown in Equation
(2) above, namely Kstab = a3/(Ka) > 1.
While it is true that a stable system is generally hier-
archical, the converse need not hold. Indeed, possible tidal
effects, GW emission and also stellar evolution-related ef-
fects, like mass transfer, can in principle cause a variation
in the inner or outer semi-major axis that can drive a hi-
erarchical system into the instability regime (Toonen et al.
2016). If the outer object moves on an eccentric orbit, or if
the inner binary has unequal-mass components, the triple
can undergo the so-called eccentric Lidov-Kozai mechanism
(EKL) Blaes et al. (2002); Naoz et al. (2011); Lithwick &
Naoz (2011); Naoz et al. (2013); Katz et al. (2011); Naoz
(2016). This process can lead the inner binary eccentric-
ity arbitrarily close to unity, favouring stellar collisions and
GW-driven BH mergers (Blaes et al. 2002; Ford et al. 2000;
Antonini & Perets 2012; Toonen et al. 2016).
The EKL develops due to the octupole and quadrupole
terms in the multipole expansion of the Hamiltonian as a
function of a3/a. The so-called octupole-level approxima-
tion becomes important if the following condition is satisfied
(Naoz et al. 2011)
oct =
M1 −M2
M1 +M2
aBHB
a3
e3
1− e23
> 0.01. (12)
Therefore, systems having Kstab > 1 and oct > 1 are
initially stable and prone to EKL.
However, if the inner BHB is sufficiently tight, general
relativity (GR) effects can become important and have an
important effect. However, we find that none of the triples in
SET4 satisfy the condition for GR effects to be important.1
Figure 8 shows the Kstab and oct values for all the
triples in SET 4. The majority of the models have initially
Kstab < 1 and oct > 0.01, thus being unstable systems for
which the octupole terms in the Hamiltonian can be im-
portant. However, noted that only a small fraction of the
adopted initial parameters satisfy the EKL hierarchical re-
quirement that aBHB/a3  1. Most triples are unstable, as
highlighted in bottom panel of Figure 8. Indeed, note that
in many cases the initial aBHB/a3 ratio is even larger than
1. This is due to the choice of the initial conditions, which
fix the pericentre of the inner and outer binary, rather than
1 For instance GR precession can suppress KL oscillation if its
typical timescale is shorter than the KL timescale (Hollywood &
Melia 1997; Blaes et al. 2002; Antonini & Perets 2012; Naoz et al.
2013; Naoz 2016). This conditions can be written in terms of the
inner and outer binary properties, namely GR stops KL cycles if
(Blaes et al. 2002; Antonini & Perets 2012)
a3
aBHB
<34
(
a1
0.01pc
)1/3 ( M1 +M2
2× 106 M
)−1/3
×
×
(
2M3
M1 +M2
)1/3(1− e2BHB
1− e23
)1/2
. (13)
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Figure 8. Top panel: comparison between the initial values of the
stability parameter Kstab and the octupole-level parameter  for
triples in SET 4. The colour coding shows the ratio between the
initial and final values of the GW timescale. Filled dots identify
merging binaries. Bottom panel: ratio between the inner and outer
semi-major axis at time zero, as a function of the octupole-level
parameter  for model in SET 4. Here, the colour coding identifies
the stability parameter.
the semi-major axis. In summary, chaotic processes are the
main engine that drive the evolution of triples in our models,
not EKL.
Figure 9 shows L3/L for all the initially retrograde (left
panel) and prograde (right panel) models in SET4, as a func-
tion of the ratio between the final and initial value of the
GW merger timescale. For each model, we also mark the
ratio between the initial and final values of the inner bi-
nary pericentre. We find that tGW is decreased more, on
average, for smaller values of the outer angular momentum
compared to the inner binary and in particular retrograde
models merge more easily than prograde ones.
This is in agreement with the qualitative arguments dis-
cussed in the Section 3. Figure 10, which shows the final
binding energy of the inner binary, normalized to its initial
value, as a function of the ratio between the inner and outer
semi-major axis at time zero. Figure 10 shows that the bind-
ing energy of the inner binary typically increases during the
evolution by up to a factor 1000.
4.4 Pro- or retrograde: does it matter?
In order to shed light on the evolution of triple systems,
we calculated for SET 4 the fraction of models that satisfy
a particular constraint among all orbits that have an ini-
tial inclination smaller than a given value ∆α and larger
than pi −∆α. In particular we examine the fraction of sim-
ulations for which tGW is decreased by a factor 1, 0.1 and
0.01, as shown in Figure 11. For instance, setting this frac-
tion at ∆α = 5◦ means that we consider only models for
which i < 5◦ (almost coplanar prograde) or i > 175◦ (al-
most coplanar retrograde) and calculate the percentage of
cases in which tGW decreases by at least the given factor.
We verified that in both the prograde and retrograde sub-
samples selected at varying ∆α the number of objects is
similar, as so the implications in the two cases have similar
statistical significance.
In the top panel of Fig. 11 we show the fraction of bi-
naries for which the GW timescale decreases as a function
of ∆α in the prograde and retrograde cases, respectively.
The middle and bottom panels show cases when the GW
timescale decreases by at least a factor 10 or 100, respec-
tively. We find that with the exception of nearly coplanar or-
bits ∆α < 10◦, prograde and retrograde orbits generate sim-
ilar fractions at fixed δα to within ∼ 10%, with retrograde
orbits producing slightly higher probability to decrease the
GW timescale by a factor 100. The striking result of the fig-
ure is that the probability of decreasing the GW timescale
by a factor of 100 is highly peaked at coplanar retrograde
configurations.
More interestingly, the percentage of cases for which
tGW decreases by a factor 100 is much higher for retrograde
orbits, as shown in Table 3. This implies that retrograde
configurations drive the formation of much tighter BHBs
than prograde, thus being characterised by much shorter
GW timescales.
After a few passage at pericentre, the triple can either
break up or remain in a meta-stable or stable configura-
tion, depending on the initial conditions. For instance, the
triple disruption occurs in 93.3% of the models in SET 4,
thus outlining the chaotic nature of such configurations. In
the following, if the triple disrupt and leaves behind a BHB
and a BH, we calculate the inclination promptly after the
disruption, thus measuring the angle between the angular
momenta directions immediately after the BH ejection.
Under this assumption for disrupted models, we calcu-
late the percentage of models that are in a prograde,ηpro, or
retrograde, ηret, configuration by the end of the simulation.
This quantity allows us to quantify the occurrence of
orbital flipping in our models. As long as the initial con-
ditions assume an almost co-planar prograde configuration
and zero eccentricity for the inner orbit (i < 10◦, SET 1 and
2) flipped systems are less than 0.02%. An eccentric inner
binary (SET 3) leads this percentage to slightly increase up
to 3.4%. In the most reliable case in which the inclination is
initially equally distributed among prograde and retrograde
configurations (SET 4) we find a clear excess of prograde
systems (80.5%) compared to retrograde ones (19.5%). This
likely implies that there is a preferential “direction” toward
which this kind of system evolves. In the next section we
will deepen this investigation.
This trend is outlined by Figure 12, which shows a com-
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Figure 9. The ratio between the angular momenta of the outer binary over that of the inner binary is compared to the ratio between the
initial and final GW timescale of the inner binary for simulation SET4. The colour coding marks the ratio between the final and the initial
pericenter for the inner binary. Left(right) panel refers to prograde(retrograde) models. The GW timescale may change significantly for
a broad range of angular momentum ratios, but the distribution is more skewed to lower GW timescales for retrograde orbits.
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Figure 10. Ratio between the final and initial value of the in-
ner binary binding energy as a function of the ratio between the
initial inner and outer semi-major axis. The colour-coding marks
the ratio between the final and initial values of the coalescence
timescale.
Table 3. Percentage of tightened BHBs.
SET f1.0 f0.01 ηpro ηret
1 100 8.2 100 0
2 99.9 8.6 99.8 0.02
3 82.5 35.6 96.6 3.4
4 79.4 22.1 80.5 19.5
Column 1: Model name. Column 2(3): percentage of models in
which the GW time-scale of the inner binary reduces by a fac-
tor 1(100). Column 4(5): percentage of models ending up in a
prograde (retrograde) configuration.
parison between the initial and final distribution of the in-
clination cosine for all the models in SET4. Despite being
initially nearly flat, the distribution is evidently unbalanced
after the triple evolution, due to the orbital flipping more
efficient for retrograde systems. At values cos(if ) > −0.8
the distribution seems well described by a power-law. At
smaller values, corresponding to inclinations i > 140◦, the
power-law changes slope and maximizes for co-planar retro-
grade systems.
4.5 The impact of coplanarity, inclination, e and
$: orbital flipping and BHB merger
SET5 to SET8 are designed to better understand nearly
coplanar systems and to further constrain the differences
between prograde and retrograde configurations.
In SET5 to SET8, the triple has a large probability
to produce a binary and an unbound single. In coplanar
prograde models (SET 5), we find the maximum number
of disruptions, Ndis = 1908, corresponding to ∼ 95.5% of
the models investigated. Nearly coplanar retrograde mod-
els (SET 7) have a somewhat smaller number of disrupted
triples, Ndis = 1753, at around 87.7%. The BHB emerging
from the triple evolution has a final merger time at least
10 times smaller than its initial value in over 45% of the
cases, depending on the initial inclination. The maximum
percentage is achieved in fully coplanar retrograde models
(SET 8), where the number of models with decreased tGW
is Nmer = 1343, corresponding to 65%.
For SET4 which spans the full range of inclination from
0 to 180◦, we examine how the percentage of models for
which tGW decreases by a factor of 10, f0.1, of those hav-
ing a final tGW value below 14 Gyr, fmer, and those being
disrupted, fdis, vary at varying the initial inclination. A com-
parison between all these quantities, summarized in table 4,
suggests that the most effective configuration in producing
merging BHBs is fully co-planar and retrograde.
Table 5 shows the final number of models in a prograde
and retrograde configuration, respectively, for each SET,
along with the percentage of those models having a GW
time ratio decreased below 1 or 10−2 of its original value.
In SET5, where we assumed an initially prograde configura-
tion, we found that only 13 out of 2000 models evolve toward
a retrograde configuration. In all these few cases, tGW de-
creases by a factor 100, while only the 20% of the prograde
cases fall below this threshold. On the other hand, when the
initial configuration is retrograde (SET 6), the triple tends
to change configuration in 2/3 of the cases. Note that those
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Figure 11. Percentage of models with i < ∆α (red solid line)
or i > ∆α (black dotted line) and tGWf/tGW < 1, 0.1 and 0.01
(from top to bottom) in SET4. Nearly coplanar retrograde orbits
have the highest probability to greatly reduce the GW timescale.
Table 4. General results of SET 4 to 8
set 〈i〉 fmer f0.1 fdis
4 90 0.25 45.7 93.4
5 0 0.7 44.8 95.4
6 180 3.7 67.2 90.8
7 5 0.85 57.6 94.5
8 175 0.7 51.5 87.7
Col. 1: set id number. Col. 2: average inclination. Col. 3-5: per-
centage of mergers, models with reduced GW time and disrupted
models, respectively.
 1
 10
 100
 1000
-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1
N
cos i
Figure 12. Initial (filled red steps) and final (empty black steps)
inclination distribution in SET4.
Table 5. Main results for SET 4 to 8
SET i fpro f1 f0.01 fret f1 f0.01
◦ (%) (%) (%) (%)
4 0− 180 80.5 78.8 19.9 19.6 81.6 30.9
5 0 99.4 80.0 20.4 0.65 100 100
6 180 77.6 90.5 49.5 22.5 68.8 61.0
7 0− 10 95.6 87.9 32.5 4.4 98.9 95.5
8 170− 180 67.1 81.2 33.5 32.9 72.0 29.3
Col. 1: model name. Col. 2: initial inclination range. Col. 3: final
percentage of prograde systems. Col. 4-5: percentage of cases in
which tGWf < tGW or tGWf < 10
−2tGW. Col. 6: final percent-
age of retrograde systems. Col. 7-8: percentage of cases in which
tGWf < tGW or tGWf < 10
−2tGW.
triples which flip into a counter-rotating configuration shrink
as well, thus having a reduction in the GW time-scale, but
the probability for the tGW to decrease by a factor 100 is
50% while it is higher, 61%, for simulations in which the ini-
tial counter-rotating status did not change. Allowing small
deviations from coplanarity and a distribution in the ini-
tial eccentricity does not change these results qualitatively.
At initially prograde systems at low inclinations (SET 7,
i < 10◦), only 87 models out of 2000 transform into retro-
grade systems, with 95.5% of them achieving a factor 100
reduction in tGW. For initially retrograde systems at incli-
nations above i > 170◦ (SET 8), instead, 67% of the models
flip but only 33% of them have tGWf/tGW < 0.01. In total,
tGWf/tGW < 0.01 is more common in retrograde cases which
flip.
From this comparison, we identify the following general
properties of triple systems:
• triple systems tend to evolve toward co-rotation;
• the orbital flip causes, on average, the formation of a
tighter inner binary system;
• nearly2 coplanar initially prograde and retrograde sys-
tems have a similar probability to decrease the GW
timescale by a factor 100, but exactly coplanar retrograde
systems are 2.5 times as likely to decrease the GW timescale
by a factor 100 than exactly coplanar prograde systems.
2 i.e. i < 10◦ or i > 170◦
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Figure 13. Final inner binary pericentre as a function of the
outer binary initial semi-major axis, both normalized to the ini-
tial pericentre of the inner binary. The initial binary component
masses are 10M + 20M (blue), and it is 20M + 20M for
swapped inner binaries (green).
The final BHB components show clearly that inclination
also affects the capacity of the outer BH to take the place of
the lighter BHB components. Indeed, as shown in Figure 13,
swapped BHB in prograde systems tend to gather in a well-
defined region of the rpf/rp−ra3/rp, plane, being rpf/rp the
ratio between the final and initial pericentre and ra3/rp the
initial value of the outer apocentre over the inner pericentre.
In co-rotating systems, the third BH replace the lighter BH
only when the final pericentre of the inner binary exceeds
0.1 times its initial value. On the other hand, in SET6 the
lighter BH replacement occurs independently of the binary
properties. This behaviour is still quite evident when a small
deviation from co-planarity is allowed (SET7 and SET8).
5 ASTROPHYSICAL IMPLICATIONS FOR
BHS TRIPLE EVOLUTION
All the models discussed in the previous sections are charac-
terised by an inner binary pericentre rp = 20 AU and mass
MBHB = 30 M. For a circular orbit, the inner BHB merger
timescale is of the order of 1018 yr, thus the unstable triple
evolution can lead to a merger in this case only if the in-
teraction between the three objects is extremely efficient. In
order to explore the effects of the inner BHB separation and
the components mass, we run two further sets, namely SET
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Figure 14. Initial (open black boxes) and final (red filled boxes)
inclination distribution for all the BHBs that merge in SET 10.
9 and SET 10, in which we select the three BH masses in
the range 10 − 50 M and we keep fixed the inner binary
pericentre to either R = 20 AU (SET 9), or R = 1 AU (SET
10). For the sake of clarity, the main features of SET 4, 9
and 10, which will be discussed throughout the sections, can
be summarized as follows (see also Table 2 for other details):
• SET4. M1 = 20 M, M2 = 10 M, M3 = 20 M, and
R = 20 AU are fixed.
• SET9. R = 20 AU is fixed. The BHs masses are drawn
randomly from a flat distribution between 10 and 50 M.
• SET10. R = 1 AU is fixed, i.e. tighter inner BHB. BH
masses are drawn randomly as in SET9.
For SET4, SET9 and SET10, Table 6 shows the fraction of
systems in which the BHB shrunk for initially prograde and
retrograde systems, respectively, the total number of merg-
ing events, and the number of systems in which a merging
binary underwent a component swap, and those involving
the original binary. Note that in SET 4 all the mergers come
from swapped systems. A detailed analysis of all the models
carried out reveals that allowing the BH masses to vary does
not affect significantly the dynamical evolution.
We find that the number of prograde systems is 3-4
times larger than retrograde ones, quite irrespectively of the
BHs masses or the inner BHB initial apocentre. It must
be stressed that in all the three sets, models are initially
equally distributed between prograde and retrograde config-
urations. However, comparing columns 3 and 6 makes ev-
ident, again, the tendency of retrograde systems to evolve
toward co-rotation, being the final sample comprised of pro-
grade systems for more than 75− 80%.
5.1 Black hole binary mergers
In this section we focus on the properties of merging bi-
naries in SET4, SET9 and SET10. For reference not that
an equal mass BHB with component mass M on circular
orbit with R = 1 AU is characterised by a merger time
tGW = (M/10M)−3 × 1014 yr. Figure 15 shows how tGW
varies as a function of semi-major axis and eccentricity for
a 30 M BHB. In order to have a merger event within 10
Gyr, the BHB must reach a < 0.2 AU or e > 0.6.
As summarized in Table 6, the GW time reduction fac-
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Table 6. Main results for SET 4, 9, 10
SET i Npro f1 f0.01 Nret f1 f0.01 NH NH,Pro fH,Pro NH,Ret fH,Ret Norig Nswap
◦ (%) (%) (%) (%) (%) (%)
4 0− 180 1609 78.8 19.9 391 81.6 30.9 5 4 0.25 1 0.26 0 5
9 0− 180 5949 83.3 22.6 2051 83.37 25.5 15 10 0.17 5 0.24 11 4
10 0− 180 5985 83.3 22.9 2015 81.1 28.8 677 385 6.4 211 10.5 488 189
Col 1.: model name. Col. 2: initial inclination range. Cols. 3, 6: final number of prograde (retrograde) systems. Cols. 4, 7: percentage of
cases for which tGWf < tGW. Cols. 5, 8: percentage of cases for which tGWf < 0.01tGW. Col. 9: number of mergers. Cols. 10, 12: number
of mergers from prograde (retrograde) systems. Cols. 11, 13: percentage of mergers among all the prograde (retrograde) systems. Cols.
14, 15: number of mergers involving the original binary (col. 14) or occurring after a component swap (col. 15).
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Figure 15. Surface map showing how tGW evolves as a function
of the BHB eccentricity and semi-major axis. The white lines from
left to right represent tGW = 1, 10, 10
2, 103 Gyr.
tor (tGW,f/tGW) decreases below 1 in ∼ 80% for the three
cases of initial binary separations and triple configurations
considered. We find differences among prograde and retro-
grade systems for the fraction of numbers where the GW
time is reduced more significantly. Retrograde systems yield
a slightly larger probability (25%–31%) for tGW,f/tGW =
0.01 (i.e. 25%–31% for prograde vs. 20%–23% for prograde
systems). On the other hand, the merger probability is com-
parable between prograde and retrograde for the initially
softer BHBs (SET4 and SET9), while in SET10 retrograde
systems merge a 1.6× more commonly than prograde sys-
tems.
Figure 16 shows the GW time reduction factor for mod-
els in SET 10, as a function of the ratio between the initial
masses of the BHB and the outer BH. The three panels
show results grouped in three samples as: 1) a swap leads
to a heavier outer BH, 2) the evolution does not lead to sig-
nificant variation of the outer BH mass, 3) a swap leads to
a lighter outer BH. For reference, we also marked the cor-
responding value for SET4 with a vertical line. This Figure
indicates two important findings:
• in all the cases in which the final outer BH is heavier,
the initial BHB-to-BH mass ratio is larger than 2, and the
GW timescale decreases by a smaller factor;
• in models where the outer BH mass remains the same
to within 20%, the GW timescale tends typically not to
decrease significantly at larger MBHB/M3 values, however
there are several systems which reduce the GW timescale
vastly and may even merge;
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Figure 16. Final GW merger time divided by its initial value as a
function of the initial BHB-to-BH mass ratio in the triple systems.
We dissect models in which the final outer BH, compared to the
initial: is heavier (top panel), has a similar mass (central panel)
or is lighter (bottom panel). The colour coded map marks the
ratio between the final and initial outer BH mass.
• if the inner BHB acquires a heavier BH, thus imply-
ing M3f < M3, the majority of the models that undergo a
merger have 0.5 < MBHB/M3 < 3.
In SET 4, we find 5 mergers out of the 2000 simulations
performed, thus corresponding to a merger probability of
Pmer,SET4 = 0.25%. Models in SET9, where the BH masses
are allowed to vary, are characterized by a similar value,
being indeed Pmer,SET9 = 0.25%. The similarity is due to
the fact that the GW time decreases most when the inner
BHB mass is similar to the outer BH (MBHB/M3 ∼ 1− 3).
In SET 10, instead, we find 677 merger events, corre-
sponding to a Pmer,SET10 = 8.5%. This is clearly related to
the choice of an initially tighter system. Among all the merg-
ers, 404 occur in a prograde configuration, Pmer,pro = 6.8%
of all the prograde models, while the remaining 273 come
from retrograde configurations, being Pmer,ret = 13.6%. This
further confirms our earlier finding that, on average, models
tend to evolve toward co-rotation, while the minority evolv-
ing from a co- to counter-rotation configuration shrinks more
efficiently and merges with a higher probability.
As shown already in Figure 5, the GW final time dis-
tribution exhibit two distinct features: a small peak corre-
sponding to tGWf = 10
4 yr, and increasing trend in the
time range 106 − 1010 yr, well described by a power-law
dN/d ln tGW ∝ t0.30±0.02. Compared to the initial distri-
bution, the final GW time distribution is much broader.
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Figure 17. Ratio between merging BHBs pericentre and 4 times
the Schwarzschild radius as a function of the merger time tGWf .
The colour coded map marks the BHB semi-major axis.
Such broadening is caused by the tertiary BH perturbations,
which increases the final eccentricity to values near unity.
At values tGW ∼ 104 yr, it is even possible for the BHB
for the merger time to be shorter than the BHB orbital pe-
riod, tGW . a3/2BHB(GMBHB)−1/2. This may happen if the
initial encounter reduces the semimajor axis significantly,
leaving a binary with a much shorter orbital time thereafter.
Alternatively, if the pericenter distance at close approach is
rp . 8GMBHB/c2, the system can undergo a zoom-whirl
orbit or a grazing head on collision. Figure 17 shows how
the rp/4rS varies with the final GW time
3. We find only
one model, out of the 677 mergers in SET 10, for which this
condition is satisfied, while all other mergers have GW times
at least ten times larger than the BHB orbital period. As
detailed in the next section, we study a rescaled version of
SET 10, aiming at modelling tighter binaries, in a way that
the initial inner semi-major axis is reduced by a factor 100.
The bottom panel of Figure 17 shows the results for rescaled
SET 10. In this case, the number of head-on collision candi-
dates rises to ∼ 3, while a handful of models have an orbital
time comparable to the GW timescale.
3 note that 2GMBHB/c
2 is the usual definition of the
Schwarzschild radius
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Figure 18. Mass distribution of the outer BH in the case of
original merger BHB and swapped BHB.
5.2 Component swap
Comparing columns 14 and 15 of Table 6 suggests that
the triples components mass plays a role in determining
the merger of the inner binary. Indeed, in SET 10 we find
that nearly 30% of the mergers take place in BHBs that ex-
changed one of the original component with the outer BH.
In this section we discuss the general properties of merg-
ers that underwent a component swap or that involved the
initial inner BHB.
Figure 18 shows the mass distribution of the outer BH
in the case of ”swapped” and ”original” BHBs. While the
nearly flat distribution observed for the “original” models is
trivially due to our choice of initial conditions, it is worth
noting that when a swap occurs the BHB acquires a BH
with larger mass. This yields an outer BH mass distribution
that sharply decreases at masses above ∼ 35 M.
A way to further highlight this feature and characterize
a merging binary system is through its chirp mass
Mchirp = (M1M2)
3/5
(M1 +M2)
1/5
, (14)
which is shown in Figure 19 for BHB conserving their initial
components, or that underwent a component swap. Using
a two-samples Kolmogorov-Smirnov test, we verified that
the two samples correspond to different distribution at more
than 95% confidence level.
We found that the distribution of swapped merging
BHBs peaks at 25 M, a value slightly smaller compared
to the original merging BHBs (∼ 38 M). Intriguingly,
3 out of the 5 confirmed BHB mergers detected by the
LIGO/VIRGO collaboration fall within the FHWM of the
mass distribution. Another interesting parameter that can
be monitored through our simulations is how the mass ra-
tio qBHB of ”swapped” and ”original” binaries distributes,
as shown in Figure 20. In this case, it is quite difficult to
disentangle the two cases, although for original binaries the
distribution seems to peak at slightly larger qBHB values.
Components swaps are inherently related to the initial triple
properties. After the interaction, the final BHB can either
acquire an heavier or lighter component. Figure 21 shows
the ratio between final and initial values of the secondary
component of the inner binary, M2f/M2 as a function of
the final mass ratio qBHB,f value. We also highlight the ini-
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Figure 19. Chirp mass distribution for BHBs that did not change
its initial components (top panel) and that underwent a compo-
nent swap (bottom panel). The vertical lines show some of the
GW sources recently observed by LIGO/Virgo.
tial ratio between the inner BHB and twice the outer BH
mass in colours, MBHB/2M3. The plot shows a clear inter-
play between these three quantities, allowing us to divide
the plane in three main sectors, depending on the initial
MBHB/2M3 value. Binaries whose initial mass exceeds twice
the mass of the outer BH, MBHB > 2M3, tend to capture
a lighter BH and to form a nearly equal-masses binary, be-
ing qBHB,f > 0.8. If the initial BHB mass is heavier than
the outer BH, MBHB > M3 the final qBHB,f value spans a
wide range between 0.2-1. If the final BHB has a mass ra-
tio qBHB,f & 0.6, the companion is up to four times heavier
than the initial secondary. On the other hand, at smaller fi-
nal mass ratio correspond, in general, smaller final secondary
BHs. If the initial BHB has a mass smaller than the outer
BH, instead, the final binary acquires a BH 2−5 times larger
than the original secondary. In this case, note that the final
binary mass ratio is limited to roughly qBHB,f ∼ 0.6.
Coincidentally, the first detection ever observed,
GW150914, had a chirp mass and mass ratio that roughly
correspond to the peaks in the chirp mass and mass ratio
distribution of original binaries, while GW170814 quanti-
ties are quite similar to the distribution peaks of qBHB and
Mchirp for the swapped binary population.
It must be noted that our sample is inherently biased
by our choice for the BH mass function. Indeed, as stated
above, we generated random BH masses in the mass range
10−50 M, assuming a flat mass function. However, defining
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a mass function for BHs orbiting in the centre of dense stellar
systems is difficult, due to the intrinsically chaotic outcomes
of dynamical interactions in dense systems. For instance,
mass segregation is expected to drive the most massive BH
progenitors toward the cluster centre, thus suggesting that,
at least in an earlier phase of the host cluster lifetime, most
massive BHs are expected to interact together, while BHs
with lower mass (< 10 M) are expected to segregate on
a longer times-scale, proportional to M−δBH, with δ ' 0.6 −
1 (Portegies Zwart & McMillan 2002; O’Leary et al. 2016;
Arca-Sedda 2016).
A comparison between figures 18, 19 and 20 makes ev-
ident that swapped binaries are usually characterised by
lower chirp mass and a slightly larger mass ratio, while their
outer BH is on average, lighter than 40 M.
To better understand these features, we show in Figure
22 how the mergers’ masses and mass ratios compare with
the observed population of LIGO/Virgo sources (The LIGO
Scientific Collaboration & the Virgo Collaboration 2018).
The majority of simulations for which the original inner
c© 2018 RAS, MNRAS 000, 1–??
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BHB components are preserved (shown in the top panel),
are characterized by an initial companion much lighter than
the inner BHB. This population is characterised by a median
mass MBHB ' 65.3 M and mass ratio qBHB ' 0.72. Models
undergoing a component swap (shown in the bottom panel)
are characterised by an initial outer BH whose mass is com-
parable to, or even larger than, the inner BHB mass. In this
case, mergers median mass is MBHB = 56.5 M and mass
ratio qBHB = 0.63. Comparing our models with observed
GW sources suggest that non-hierarchical triples can drive
the formation of the majority of sources with masses in the
40−70 M mass range, while both the lightest and heaviest
sources discovered so far lie at the edge of our models’ distri-
bution. This is mostly due to the assumed initial conditions,
particularly the limit set to extract BH masses, i.e. 10 and
50 M, and the BHs pairing, which is done assuming a flat
mass distribution for the components. Infact, we note that
the distribution of “original” mergers in the MBHB − qBHB
plane maps the overall modelled binary population. A statis-
tically large number of detections could potentially be used
in the future to place constraints on the BH population and
to identify the dominant astrophysical channel.
6 DISCUSSION
The BHB-BH non-hierarchical interactions explored above
are expected to occur most often in dense stellar environ-
ments, such as globular and nuclear clusters (Askar et al.
2017; Rodriguez et al. 2015; Antonini et al. 2016; Banerjee
2016, 2017; Rastello et al. 2018). In these systems, mass seg-
regation drives the BHs to the central regions in a fraction
of the half-mass relaxation time, leading to the formation of
a BH subsystem (Spitzer 1940; Portegies Zwart & McMillan
2002; Gaburov et al. 2008; O’Leary et al. 2006, 2009; Breen
& Heggie 2013a,b; Arca-Sedda 2016; Arca Sedda et al. 2018),
favouring the formation of BHBs and the development of
BHB-BH interactions. When BHBs start dominating the
cluster central dynamics, the time-scale over which BHB-
BH interactions occur is given by (Miller & Lauburg 2009;
Antonini & Rasio 2016)
tBHB−BH =0.3Gyr
(
fb
0.01
)−1 (
ζ−1
σ
30 kms−1
)
× (15)
×
(
n
106 pc−3
)−1(
ms
M3
)1/2
×
×
( ah
1 AU
)−1(MBHB +M3
30 M
)−1
,
where fb is the core binary fraction, i.e. the number of binary
BHs in the central region of the cluster normalized to the
total number of stars; n is the BHs central density; σ is the
cluster 1-D velocity dispersion; ζ < 1 is a parameter that
regulates the level of equipartition of the BHs population
with respect to the overall stellar distribution; ms is the
average stellar mass and ah is the limiting value of the BHB
semi-major axis below which a binary is considered hard
(Heggie 1975; Merritt 2013).
Figure 23 shows how this typical time-scale varies at
varying the BHs clusters’ central density and its velocity
dispersion, assuming typical values for the other parameters.
The plot shows how BHB-BH interactions can be frequent in
dense GCs and NCs in which the BH population dominate
the inner region.
If the BHB binding energy Eb exceeds the average field
kinetic energy K,
Γh = Eb/〈K〉 ' GMBHB
2aσ2
(16)
the binary is defined “hard”. As pioneered by Heggie (1975),
hard binaries tend to become harder and harder as they
interact with other stars.
Figure 24 shows how Γh varies at varying BHB semi-
major axis. In practice, BHBs having a < 1− 10 AU can be
considered hard (Γh > 1), assuming typical σ values for GCs
(σ ∼ 10− 20 km s−1) or NCs (σ ∼ 30− 100 km s−1). Hard
binaries can undergo up to 104−105 interactions with other
BHs or compact stellar remnants before merging or being
ejected (see also Samsing et al. (2017)). Due to repeated
scatterings, the BHB semi-major axis shrinks approximately
at a rate (Heggie 1975; Binney & Tremaine 2008)
d(1/a)
dt
= 7.6
Gρ
σ
, (17)
where ρ is the parent cluster density. Solving the equation
implies
a(t)
a0
=
(
1 +
7.6Gρa0
σ
t
)−1
. (18)
We show how Equation (18) varies in Figure 25, assum-
ing different host cluster total mass and velocity dispersion.
As shown in the plot, in massive GCs the BHB semi-major
axis can decrease up to 100 times its initial value over a 14
Gyr time-span, while an even more efficient effects is ob-
tained in dense NCs, thus allowing the formation of BHBs
with sub-AU semi-major axis in such environments.
All the models presented here have inner BHBs with
a fixed initial pericentre of either 1 or 20 AU. However, as
shown above, dense stellar systems can contain even harder
BHBs. To extrapolate our results for the sub-AU regime,
we rescale the length scale in SET10 by a factor 1/f where
f > 1. For instance, circular binaries in the rescaled set have
aBHB = 1/f AU. Note that the eccentricity distribution, as
well as the distribution of all the other parameters, remain
unaltered. Assuming Newtonian dynamics, the rescaling is
equivalent to changing the time unit and the gravitational
constant for a given set of N -body simulations. We discuss
in the following the impact of unstable triples evolution on
GW astronomy.
6.1 The role of non-hierarchical triples on the
BHB merger rate
From the analysis of SET 9 and SET 10, which rely upon
physically motivated assumptions, we find a merger proba-
bility of Pmer = 0.19% and Pmer = 8.5% respectively. Since
the two sets differ only in the initial value of the inner BHB
pericentre (being R = 20 AU for SET 9 and 1 AU for SET
10), this suggests a strong Pmer −R dependence.
In order to provide insights on the possible shape of this
relation, we divide the length scale unit by factors of f =
2, 20, 200, 2000 in SET 9 and by f = 0.05, 0.1, 10, 100 SET
10, respectively, in order to extrapolate the merger probabil-
ity for an initial BHB pericentre of R = 0.01−0.1−1−10−20
c© 2018 RAS, MNRAS 000, 1–??
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Figure 23. BHB-BH interaction time-scale at varying BH central
density and cluster velocity dispersion. The white curves mark
typical values of 105 − 107 − 109 − 1010 yr. The solid triangle
represents typical values for an open cluster, open symbols rep-
resent typical values for low-density GCs (open circle) and NCs
(open square), whereas filled symbols represent typical values for
high-density GCs (filled circle) and NCs (filled square).
AU. Practically, for each value of the f factor we rescale all
the results in SET 9 and SET 10 and calculate a “scaled”
merger probability. The scaled merger probability is well fit-
ted by a power-law, Pmer ' αRβ , with α and β depending
on the SET, as summarized in Table 7.
Note that extrapolations obtained from SET 9 are sys-
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Figure 24. Hard binary criterion Γh as a function of the BHB
semi-major axis and for different value of the host system velocity
dispersion. The horizontal black line marks the boundary between
hard and soft binary configurations.
Table 7. Best-fit parameters for merger probability
SET ID α β
10−2
SET 9 0.41± 0.02 −0.31± 0.01
SET 10 8.7± 0.4 −0.26± 0.01
SET 9+10 −2.47± 1.7 0.31± 0.22
c© 2018 RAS, MNRAS 000, 1–??
18 Arca-Sedda, Li and Kocsis
1.0e-03
1.0e-02
1.0e-01
1.0e+00
 0.001  0.01  0.1  1  10
a
(t)
/a 0
t (Gyr)
Mc = 10
5
 M⊙ ; σ =   20 km/sMc = 10
6
 M⊙ ; σ =   20 km/sMc = 10
7
 M⊙ ; σ =   50 km/sMc = 10
8
 M⊙ ; σ = 100 km/s
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tematically lower than those obtained from SET 10. As an
alternative choice, we tried to fit the actual data points,
which are only two, from SET 10 and SET 9 using an expo-
nential function, Pmer = exp(αR
β), as shown in Figure 26.
Although highly uncertain, the extrapolated Pmer values can
be used to provide a rough estimate of the mergers expected
to origin from non-hierarchical triples in a typical cluster.
If the distribution of the BHB separation f(R) is known,
we can define the average merger probability Pf as
Pf =
∫
Pmer(R)f(R)dR∫
f(R)dR
, (19)
being the integral calculated over the whole range of BHB
separations allowed. Assuming a power-law for the BHB sep-
aration distribution, f(R) = kRδ, we get
Pf =
α(δ + 1)
(β + δ + 1)
Rβ+δ+1max −Rβ+δ+1min
Rδ+1max −Rδ+1min
, (20)
In the case of the exponential fitting function, it is much
 0.001
 0.01
 0.1
 1
 10
-0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1  0
Number of BHB-BHB interactions: 100
N
m
e
rg
er
δ
SET 10: 10-3-102 AU
SET 10: 10-2-20  AU
SET   9: 10-3-102 AU
SET   9: 10-4-101 AU
Fit  exp: 0-20  AU
Fit  exp: 0-50  AU
Fit  exp: 0-100 AU
Figure 27. Number of mergers in the case of 100 BHB-BHB
scattering, for SET 9 and 10, as a function of the BHB separation
distribution slope. We assume different fitting formulae for Pmer
and different BHB separation ranges.
easier to calculate the average value of the merger probabil-
ity logarithm, for which the equation above hold provided
that we replace Pf with logPf .
Once the average merger probability is estimated, we
can calculate the number of mergers per 100 BHB-BHB scat-
terings, defined as
Nmer = 100× Pf × ftri, (21)
where ftri = 0.54 is the fraction of cases in which a BHB-
BHB interaction leads to an unstable triple. Equation (21)
depends clearly on the slope of f(R), the fitting function
adopted and the minimum and maximum R value allowed.
Figure 27 shows how Nmer varies at varying these quantities.
Assuming the fitting parameters calculated from SET10, we
find that ∼ 3 − 5% of BHB-BHB scattering should lead
to a merger regardless the slope of f(R) or the range of
separations allowed. For SET9 fitting, instead, the number
of mergers is around one order of magnitude smaller, even in
this case with a little dependence on the δ parameter. If we
assume an exponential function to fit the only data that are
measured directly from simulations sets, we find a stronger
dependence on the slope of f(R) function and on the range
of separation allowed. Note that in the case in which the
R distribution is flat, the number of mergers can fall below
0.05 per 100 BHB-BHB interactions.
While it is unclear which trend is the more reliable, nev-
ertheless this approach allows us to place some constraints
on the number of mergers emerging from unstable triples in
typical globular clusters. In the most optimistic case that the
separation distribution is a decreasing function of the sepa-
ration δ < 0.8, we find Nmerger = 0.25−4 for 100 BHB-BHB
interactions. As opposed to this, if the final f(R) distribu-
tion is almost flat (δ ' 0), the lower limit of the merger
number significantly decreases, being Nmerger = 0.02 − 3.
Note that assuming for a typical cluster ∼ 900 BHB-BHB
interactions, these numbers implies that unstable triples can
account for as much as Nmerger = 0.18− 36 mergers.
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6.2 GW emission frequency and merging BHB
eccentricity
The GWs signal emitted during the BHB evolution is char-
acterized by a broad frequency spectrum, whose peak fre-
quency can be calculated as (Wen 2003; Antonini et al. 2014)
fGW = 0.35 mHz
(
MBHB
30 M
)1/2 ( a
0.01 AU
)−3/2 (1 + e)1.1954
(1− e2)1.5 .
(22)
As noted by Antonini et al. (2014), the probability to pro-
duce high-eccentricity GWs sources detectable by LIGO
from triples is rather small, unless the triple satisfies the
relation a2(1− e2)/a1 . 10. It must be noted that our mod-
els are wider systems compared to Antonini et al. (2014). As
shown in the following, this reduces significantly the proba-
bility to observe eccentric binaries in the Hz band.
In order to investigate possible dependencies between
the triple configuration and the GW signal produced, we
calculated fGW for all the models in SET 10 having tGW <
14 Gyr.
In ARGdf, the last phases preceding the binary merger
are extremely time-consuming, since the code needs ex-
tremely small steps to integrate precisely the components
equation of motion. In order to find a good balance between
computational load and modelling reliability, for each binary
we integrated numerically Peters (1964) equations:
da
dt
= −64
5
β(M1,M2)
F (e)
a3
, (23)
de
dt
= −304
15
β(M1,M2)
eG(e)
a4
, (24)
with
F (e) =(1− e2)−7/2
(
1 +
73
24
e2 +
37
96
e4
)
; (25)
β(M1,M2) =(G
3/c5)M1M2(M1 +M2); (26)
G(e) =(1− e2)−5/2
(
1 +
121
304
e2
)
. (27)
These equations have analytical solutions for a(e) (Peters
1964) and time evolution (Miko´czi et al. 2012).
Figure 28 shows how the eccentricity, semi-major axis
and frequency evolve as BHBs harden. Using these diagrams,
we collect the e values as each BHB enters in the mHz - Hz
frequency bands. This information is extremely important to
understand whether our models are audible to the current
of future generation of GW detectors (Samsing & Ilan 2018;
Antonini & Rasio 2016).
None of the merging sources enter the 1 < fGW . 10
Hz band with an eccentricity larger than 0.1, thus this chan-
nel seems to not be the most suitable to produce eccentric
sources in the LIGO observable window (fdet & 10 Hz).
However, our modelled BHBs population is potentially au-
dible in DECIGO (Kawamura et al. 2006) (fdet & 10−3 − 1
Hz), LISA (fdet & 10−4 − 10−1 Hz) (Amaro-Seoane et al.
2013; Sesana 2016), and Einstein Telescope (fdet ' 1 − 10
Hz) (Punturo et al. 2010) bands, where they might still have
a non-negligible eccentricity. We show BHBs eccentricity dis-
tribution and cumulative distribution for SET 10 in Figure
29. Our results suggest that ∼ 5% of the mergers will have
e > 0.9 when drifting into the frequency range 10−3 − 10−2
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Figure 28. Orbital evolution for merging BHBs in SET10. Each
coloured track represents one model, with tracks moving from
right to left and from top to bottom. The coloured map labels
the BHB frequency.
Hz, while 5% will have 0.01 < e < 0.1 in the Hz regime.
Therefore, strong three body interactions can contribute to
the formation of highly eccentric binaries emitting GWs in
the 10−3 − 10−1 Hz band.
The absence of eccentric sources emitting in the 1-10 Hz
band is essentially due to the triples initial orbital proper-
ties. This is clear from Figure 30, which shows, for the inner
BHB, the ratio between the final and initial semi-major axis
values and the difference between the final and initial eccen-
tricity. Indeed, although the final BHBs tend to have signif-
icantly increased e values, their semi-major axis decreases
only by less than a order of magnitude in most of the cases,
being af & 10−3 AU and fGW ∼ 10−3 − 10−1 Hz. Inter-
estingly, merging binaries draw a quite clear pattern in the
af/a-(ef−e) plane, showing that the BHBs that shrink more
(af/a . 10−2) tend to maintain their initial eccentricity or
circularize (ef − e < 0).
To explore whether harder initial BHBs can emit GWs
in the Hz regime while having a large eccentricity, we
rescaled the length scale in SET 10 by a factor 100, follow-
ing the same scaling used in the last section. This implies,
for instance, that circular binaries in the rescaled set have
a = 0.01 AU. Note that the eccentricity distribution, as
well as the distribution of all the other parameters, remain
unaltered. This can be easily done in N-body simulations,
provided that to the length scale rescaling is associated a
corresponding rescaling of the time unit and the gravita-
tional constant. In this case, as shown in Figure 31, a size-
able number of binaries crosses the Hz band while having
still a non-negligible eccentricity.
The eccentricity distribution and the corresponding cu-
mulative distribution for our rescaled systems are shown in
Figure 32. In this case we found that quite more than 90%
of the binaries emit in the LISA and DECIGO observational
band (1-100 mHz) having eccentricities e > 0.8. When ap-
proaching the LIGO/VIRGO or Einstein Telescope band at
1 Hz, ∼ 40% of the sources still have e > 0.7, while ∼ 30%
have 0.1 < e 6 0.7. Only a few sources cross the 10 Hz obser-
vational band, where Advanced LIGO/VIRGO are expected
to be sensitive. Nearly 30% of these sources have eccentric-
c© 2018 RAS, MNRAS 000, 1–??
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Figure 29. Eccentricity distribution (top panel) and cumulative
distribution (bottom panel) for all the merging BHBs in model 10.
The e values are calculated as the BHB crosses a given frequency,
as indicated in the legend.
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Figure 31. As in Fig. 28, but assuming an initial BHB semi-
major axis a = 0.01 AU at zero-eccentricity.
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Figure 32. As in Fig. 29, but assuming an initial BHB semi-
major axis a = 0.01 AU at zero-eccentricity.
ities in the range e = 0.01− 0.15, while almost half of them
are nearly radial, e & 0.95.
Our results suggest that BHBs with initial a ∼ 1 AU
ejected in triple interactions maintain a quite large eccen-
tricity while passing through the 10−3 − 10−1 Hz frequency
range. Hence, these eccentric sources could be observed with
DECIGO and LISA, but they become nearly circular by the
c© 2018 RAS, MNRAS 000, 1–??
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time they enter the LIGO frequency band due to circular-
ization due to GWs (Samsing & D’Orazio 2018).
On the other hand, BHBs with initially smaller semi-
major axes (a . 10−2) yield a large probability for mergers
to enter the fGW ∼ 1 Hz regime with large eccentricities,
e > 0.7, possibly being observable by the Einstein Telescope
in the coming years. Approximately a third of the BHBs
shift from 0.1 Hz toward the LIGO/VIRGO band at ∼ 10
Hz, 70% of them having eccentricities above 0.1 as shown
in Figure 31. Note that this plot also suggests that sources
possibly drifting toward the LIGO band form with initial
eccentricities above ∼ 5× 10−2, thus implying that they do
not cross the LISA observational frequency range, as also
suggested by (Samsing et al. 2018).
Following Kocsis et al. (2012), we calculated the char-
acteristic amplitude hc for all the merging BHBs in SET
10 in order to determine whether they are visible in low-
or high-frequency detectors. Differently from Sesana (2016)
assumptions, however, our BHBs have eccentric orbits. For
sources which do not inspiral significantly during the obser-
vation time T , i.e. T < f/f˙p the GW strain is composed of
discrete harmonics with frequency
fn = nν =
na3/2
2pi(GM)1/2
(28)
of width ∆f ∼ 1/T each where ν = a3/2/(GM)1/2 (Peters
& Mathews 1963)
h(a, e, t) = Σ∞n=1hn(a, e; fn) exp(2piifnt), (29)
where
hn(a, e; fn) =
2
n
√
g(n, e)h0(a). (30)
The condition on the inspiral timescale T > fp/f˙p can be
calculated using for frequency and its derivative the relations
(Peters 1964),
fp =
(GM)1/2(1 + e)1/2
2pia3/2(1− e)3/2 (31)
f˙p =
(
−3
2
a˙
a
− k(e)e˙
)
fp (32)
k(e) =
1
(1− e)1/2(1 + e)3/2 −
3
2
(1 + e)1/2
(1− e)2/3 , (33)
(34)
where a˙ and e˙ are defined in Eq. 24. In the equations above,
h0 is the characteristic strain for a circular source (O’Leary
et al. 2009; Kocsis et al. 2012; Sesana 2016)
h0(a) =
√
32
5
G2
c4
Mµz
Da
, (35)
D is the distance of the source, a the binary semi-major
axis, M = (1 + z)(M1 +M2) and µ = M1M2/(M1 +M2) are
the total and reduced binary masses, respectively, where z
is the cosmological redshift.
The function g(e, n) in Equation (30) is defined as (Pe-
ters & Mathews 1963; O’Leary et al. 2009; Kocsis et al. 2012;
Gonda´n et al. 2018a)
g(e, n) =
n4
32
[(Jn−2 − 2eJn−1 + 2
n
Jn + 2eJn+1 − Jn+2)2+
(36)
+ (1− e2)(Jn−2 − 2Jn + Jn+2)2 + 4
3n2
J2n],
where Ji ≡ Ji(x) is the i-th Bessel function evaluated at
x = ne (Peters & Mathews 1963). The dominant frequency
harmonic correspond to fp = np(1 − e)3/2f , with (O’Leary
et al. 2009; Kocsis et al. 2012)
np(e) = ceil
[
1.15
(1 + e)1/2
(1− e)3/2
]
, (37)
ceil[x] is the nearest integer largest than x, and the 90% of
the GW power is emitted at frequency between 0.2fp and
3fp (O’Leary et al. 2009), while it rapidly decreases outward
these limiting values.
For a non-inspiraling eccentric source, the characteristic
strain in each frequency bin ∆f is given by (Kocsis et al.
2012)
h2c(a, e; f) =
∞∑
n=1
h20fT
4
n2
g(n, e)F (f − fn), (38)
with T the observation time and
F (f − fn) =
{
1 if|f − fn| < ∆f/2 and fT > 1,
0 otherwise.
Figure 33 shows how the fundamental frequency, the
corresponding strain and the eccentricity vary for three
mergers in SET 10. For clarity, we do not show other har-
monics in the same plot, despite the fact that the signal
is initially broadband. Nevertheless for each binary we do
calculate the contribution of all harmonics which contribute
90% of the total GW emitting power (O’Leary et al. 2009;
Kocsis et al. 2012). We assumed a T = 5 yr observation
time and used equation (38) for a non-inspiraling source.
However, for binaries with instantaneous inspiral time in
the range fp/f˙p < T , we scaled the characteristic strain of
each binary by a factor
√
(fp/f˙p)/T , in order to compen-
sate for the fact that the binary has a limited lifetime at the
characteristic frequency and the corresponding characteris-
tic strain is suppressed. This is a conservative estimate for
eccentric orbits, since in reality the binary circularizes and
emits GWs not primarily only during pericentral passage,
but throughout the orbit.
The sources are assumed all at a luminosity distance
DL = 100 Mpc and redshift z = 0.024, similar to the values
calculated for observed LIGO sources. These tracks show
approximately how the characteristic strain evolves as the
binaries shrinks and merge. A more detailed study of the in-
spiraling eccentric waveform and its detectability is left for
future work (see also O’Leary et al. 2009; Kocsis & Levin
2012; Miko´czi et al. 2012; Gonda´n et al. 2018a). Note that
LISA4 (Larson et al. 2000), LIGO5, KAGRA6, DECIGO
(adapted from Yagi & Seto (2011)) and the Einstein Tele-
scope (Hild et al. 2008) sensitivity curves are also shown in
Figure 33. Many sources fall in the observational LISA band,
while a consistent fraction of them are potentially observable
with KAGRA and LIGO.
Such a finding could help in disentangling the origin of
observed GW sources. Binaries evolving in extremely dense
systems might harden down to 10−2 AU. Conversely, bi-
naries living in sparser stellar systems can survive longer
4 http://www.srl.caltech.edu/ shane/sensitivity/MakeCurve.html
5 https://dcc.ligo.org/LIGO-T0900288/public
6 http://gwcenter.icrr.u-tokyo.ac.jp/en/researcher/parameter
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Figure 33. Strain amplitude evolution for the dominant fre-
quency of three merging BHBs in SET 10, compared with the
sensitivity curves for LISA, KAGRA, LIGO, DECIGO and the
Einstein Telescope GW observatories. The coloured map identi-
fies BHBs eccentricity.
before undergoing ejection, but their hardening rate will in-
evitably be smaller. Naively, we may expect that LISA and
DECIGO will be able to observe BHBs forming in “nor-
mal” GCs, while LIGO, most likely is offering us the view
on very dense stellar systems, like massive GCs or dense
galactic nuclei hosting a nuclear cluster. After merging, the
resulting BH can receive a kick because of anisotropic emis-
sion of GWs. The recoil kick can vary between 0 and 3000
km s−1, depending on the mass ratio and spins of the two
BHs and the spin-orbit alignment (Schnittman & Buonanno
2007; Lousto et al. 2012). Post-merger kick are expected to
ejected a significant fraction of merger products from the
majority of GCs (Morawski et al. 2018), while for galactic
nuclei there is 30− 50% a retention probability (Antonini &
Rasio 2016).
As we have shown above, BHB-BH interactions occur-
ring in a retrograde configuration lead more frequently to
mergers, especially in the case of a hard binary. The conse-
quent merger and, possibly, ejection of the merger product
reduces the possibility to form new retrograde configura-
tions, while a fraction of the prograde systems can flip their
orbital configuration and undergo merger again. This pro-
cess can occur repeatedly as long as new tight triple BH sys-
tems form in the inner region of the host cluster, leading to
a progressive decrease of the number of retrograde systems.
If BHB-BH interactions are initially equally distributed be-
tween prograde and retrograde configurations, we would ex-
pect that this equilibrium moves toward a dominance of pro-
grade systems as long as the host cluster evolves. Therefore,
we may expect a dependence on the fraction of prograde and
retrograde BHB-BH interactions as a function of the cluster
age: the older the cluster, the larger the probability that a
triple system is in a prograde configuration. Recent numer-
ical modelling by Rastello et al. (2018) tailored to BHBs
evolution in open clusters have shown that BHB-BH inter-
actions in retrograde configurations can be the major engine
for BHB mergers in these low-dense environments. This sug-
gests that triple BH interactions can be also important for
the evolution of small clusters, provided that their centres
host a sizeable population of BHBs.
7 CONCLUSION
In this paper we explored the outcomes of non-hierarchical
triple systems comprised of stellar BHs using a suite of
29,000 three-body simulations at varying orbital parame-
ters. We focused our attention on the role played by the
orbital inclination of the outer object, in particular on the
differences between prograde and retrograde configurations.
Also, we investigated how the component masses affect the
long-term triple evolution, and what are the implications for
the coalescence of the inner binary and the resulting gravi-
tational wave emission.
Our main results can be summarized as follows.
• We found that prograde triples show a tendency to flip,
while retrograde triples tend to maintain their initial con-
figuration.
• The evolution of prograde into retrograde systems of-
ten leads to a tighter inner binary, characterised by a GW
time-scale several orders of magnitude smaller than its ini-
tial value.
• We found that retrograde configurations are more likely
to lead to the formation of an inner binary with orbital prop-
erties sufficient to drive coalescence within a Hubble time.
• Typically, mergers are most likely to occur when the
outer BH mass is comparable with the total inner BHB mass.
• In a substantial fraction of cases, the outer BHs swap
with one of the components in the inner binary. Mergers
occurring after a swap are characterised by a lower chirp
mass, on average, compared with systems that preserve their
initial mass configuration.
• Due to the higher probability for retrograde systems to
merge and to preserve their configuration, we found that star
clusters are most likely to host prograde systems, especially
in dense globular clusters and nuclear clusters.
• A large fraction of merging binaries with initial a = 1
AU are characterized by e > 0.6 when enter the 10−3−10−1
Hz frequency band, typical of the future LISA and DECIGO
experiments, while all of them have completely circularized
when reaching the LIGO detection band (fGW = 1 Hz).
• Assuming an initially tighter configuration (a = 0.01
AU), we found that ∼ 50% of merging binaries might enter
the LIGO band when having still eccentricities e > 0.6.
• Our results suggest that merging events induced by
triple non-hierarchical interactions occurring in “ordinary”
globular clusters can lead to eccentric merging binaries ob-
servable in the LISA/DECIGO band (fGW = 10
−3 − 10−2
Hz), while LIGO is more likely sensible to BHBs forming in
dense globular and nuclear clusters, which potentially can
have large eccentricity when entering the ∼ Hz frequency
band.
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APPENDIX A: ECCENTRICITY EVOLUTION
Another parameter that can be checked to obtain a clearer
overview on the triple evolution is the evolution of the maximum
value of the eccentricity emax. Figure A1 shows how the max-
imum eccentricity varies at varying final and initial inclination.
The evolution of the triple leads to a decrease of models character-
ized by high inclinations and low eccentricities, leading to a more
efficient population of high eccentricity states. Looking at Figure
A2, which shows how the ratio between initial and final values of
the inclination varies at increasing emax. Note that emax ' 0.2
marks a threshold above which the triple configuration changes
significantly over time and undergoes, in some cases, a flip. Note
that emax is linked to the ratio (1− e3)/(1− e).
Figure A3 shows the time evolution of one of the simulation
in SET4. Here the outer binary orbit has initial inclination i = 90◦
and eccentricity e3 ∼ 0.35, while the inner binary has eccentricity
e ' 0.4. The ratio between the inner and outer semi-major axis
is, in this case, a/a3 = 0.17.
The perturbation induced by the outer objects impinges an
oscillation in e, whose periodicity roughly doubles in the last stage
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Figure A1. Maximum eccentricity as a function of the initial
(top panel) and final (bottom panel) inclination. The colour-
coded map represents the mass of the outer BH.
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Figure A2. Ratio between the initial and final value of the cosine
of the inclination as a function of the maximum inner eccentricity.
preceding the merger event. The merger is extremely fast, taking
place within ∼ 5.6 × 104 yr. Also the inclination varies signifi-
cantly until the merger. The inner binary evolution draws a clear
pattern in the e-i plane, as shown in Figure A4, with the incli-
nation that continuously flips from a co- to a counter-rotating
configuration as the inner eccentricity approaches the unity. The
boundaries of Figure A4, showing how the inclination and ec-
centricities of the inner binary relate each other, are obtained
assuming a constant value for the z component of the angular
momentum Jz = J0 ±
√
(1− e2) cos(i), as expected for standard
c© 2018 RAS, MNRAS 000, 1–??
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Figure A3. Top panel: time evolution of a in simulation No. 593
in SET4. Central panel: same as in top panel, but here is repre-
sented the eccentricity.Note the moment in which the shrinking
efficiency peaks at ∼ 0.05 Myr, after which the semi-major axis
drops, the minimum eccentricity decreases and the eccentricity
variation period increases until the merger occurs at 0.07 Myr.
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Figure A4. Inclination as a function of the eccentricity in model
No. 593 in SET4.
Kozai-Lidov oscillations. Note that our model start initially on a
nearly perpendicular configuration (cos(i) ∼ 0).
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